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Abstract. We find contact integrable extensions and coverings for the r-th double 
modified dispersionless Kadomtsev-Petviashvili equation. 



AMS classification scheme numbers: 58H05, 58J70, 35A30 



We consider the r-th double modified dispersionless Kadomtsev-Petviashvili equa- 
tion 



.'{k+1)u 2 u t R + i, 

u yy = u tx +( ^-JL h K u K x u y + V ; 



K 



^ • < +1 )u xy (!) 



X 

H 

with 2,-3/2,— 1}. This equation appears from the differential covering, [UEJE], 

, K + 2 ) 2 „,2(*+l) , / , 9 X ,„ „*+l , K + 1 ,„2 



Ut = \2^T3 x + ( K + 2 ) w * < +—<- w vj «» (2) 

Uy=~ {Ul + l + W,) U x 

over the r-th modified dispersionless Kadomtsev-Petviashvili equation, [I], 

= W t:E + (|(«+ 1) ^ + Wy) W XX + K W X W X y, (3) 

see 0, [3], [12], HD]. Namely, excluding w from © yields Eq. (HJ. 

We apply the method of contact integrable extensions, [9], to find differential cove- 
rings of Eq. (CQ). The method starts from computing Maurer-Cartan forms and structure 

* The work was partially supported by the joint grant 09-01-92438-KE^a of RFBR (Russia) and 
Consortium E.I.N.S.T.E.IN (Italy). 
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equations for the symmetry pseudo-group via approach of [7J [S] . The structure equations 
read 

d9 = (0 22 + (U 2 - (re + l) 2 (U x - 2 (re + 1)) - (C/k + (« + 1)(« + 2) U 3 - re (re + 1) C/i 
+(re + l) 2 (re + 2)(re 2 + 6 re + 4)) (re + l)~ 2 (re + 2) 2 - (U A - re (re + 1) U x 
+(re + l) 2 (re + 2) (2re + 3)) (re + I)" 1 (re + 2)- 1 e 3 ) A O + f 1 A X + f A 9 2 

al6 1 = (re + 1) (2 0! + (re + l)(re + 2) 2 2 - (re + 2) 3 )) A O + A 0n + £ 3 A 13 

+(re + l)(re + 2) 9 2 A 9 3 — (2 (re + 1) (0 2 -2(27 1 -2(« + l)(« + 2)) £ x + £ 2 ) 
+ ((2 re + 3) - (re + l)(re + 2)(3re + 4))(re + 2)" 1 £ 3 ) A 9 X 
H 2 A(U 3 9 + U X 9 3 + 9 X2 ), 

d0 2 = O A 22 + ((re + 1) (fA - 2 (re + l)(re + 2)) £ x + § £ 3 ) A 2 + f A 12 + £ 2 A 22 

+e 3 A0 23 , 

d9 3 = ((re + 1) (0 3 - (re + l)(re + 2) 2 + (re + l)(re + 2)((re + 3) U x - (re + 2) (U 2 + 2)) 
+U 3 e + (U 2 + U,)e-(K + l)(K + 2) 9 22 ) A O + ((re + 1)03 + ![/!£') A 2 
+ (re + 1)(2 (E/i - 2 (re + l)(re + 2)) (f 1 + (re + 2)" 1 £ 3 ) - £ 2 ) A 3 + ^ A 13 
+^A 023 + e 3 A0 12 , 

d0 u = Vl A C 2 + + % A e 1 + ((4 *7 4 - (k + l)(re - 2) U x - re(re + l) 2 (re 2 - 4) 

+ (2re + 1) U 2 ) 0i - (re + l) 2 (re + 2) {U x - 2 (re + l)(re + 2)) (0 2 + (re + l)(re + 2) 3 ) 

+ (re 2 - l)(re + 2) 13 + (re + l)(re (2 U 5 + 3 (re + 2) U 2 ) - U X U 2 

-(re + l) 2 (re + 2)(3 re - 2)((re + 3) U x - 2 (re + l)(re + 2))) £ 2 + ((re + l)(re U x 

-(re + 2) £7 3 + (re + l)(re + 2)(3re 2 + 6re + 4)) - C/ 4 )(re + l)~ 2 (re + 2)~ 2 n ) A O 

+((re + 1)(4 U x + (re + l)(re + 2) (lire + 14)) 2 - (re + 1)(2 U x - (k + l)(re + 2)) 3 

-{2k + 1) 0i2 + 4(re + l)(re + 2) 23 - (4 U 4 - (re + 1)(2 re 2 + 3 re - 4) ^ 

+ (2re + 1) £/ 2 + 4 re(re + l) 2 (re + 2) - (2k + 3)(re + 2)" 1 U*) £ 2 

-(2(2re + 3)(re + 2)" 1 C/ 5 + (3re + 2)(re + 1) (U 2 - (re + 3)(re + 1) ^ 

+2(re + 2)(re + l) 2 ) £ 3 ) A 9 X + ((re + 2)(re + l) 2 (U x - 2 (re + 1) (re + 2)) 3 

+ (4 re + 5) 0ii - (re + l)(re + 2) 13 ) A 2 + ((re + 2) 13 - (2 U 5 

+(re + l){Ul - 2(re + 2){U 2 + (re + l)(re + 4) U x + 2(re + l) 2 (re + 2)))) £ 2 ) A 3 
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-(022 - ((k + 1)(k + 9) U x -U 2 - 14(k + 2) (k + l) 2 ) £ x - ((« + 1)(k Z7 x 
-(« + 2) (C/ 3 - (3/t 2 + 6k + 4)(k + 1))) - U a ){k + l)- 2 (/t + 2)- 2 £ 2 
+ (3 (C/i - (k + 1)(k + 2)) + (k + l)" 1 ^ + 2)" 1 C/ 4 ) e 3 ) A 0n 
+((k + - 2 (k + 1)(« + 2)) 9 12 - 2 Z7i 0i 3 ) A £ 2 

^12 = ?7i A f 1 + ^4 A (0 O + £ 2 ) + ?]7 A £ 3 + ( - (k + 4)(« + 2)(k + 1)) 22 

+(k + 1)((k + 2) 23 ) + (C/ 4 + | (k + l)(/t 2 + 2k + 2)U 1 + k(k + l) 2 (/t + 2)) 6 2 

+((« + 1) (k C/i - (k + 2) (C/ 3 - « 2 (« + 1))) - + 1)" 2 (« + 2)~ 2 6 l2 ) A 0i 

+ ((2 K + 3) 12 - (k + 1)(« + 2) 23 - i E/i (k + 2) 3 - U 5 e + (| C/ 2 - (« + 1) C/i 

-C/ 4 - k(k + 2)(k + l) 2 ) e 2 ) A 2 + (k + 2) (0 23 - (« + 1) 22 ) A 3 

-(022 - ((« + 1)(k + 5) U 1 -U 2 - 6(k + 2)(k + l) 2 ) f 1 + ((« + 1)(kC/i 

-(k + 2)(U 3 - /t 2 (/t + 1)) - U 4 )(k + 2)~ 2 {k + l)- 2 £ 2 - \ ((3k + 8)(k + 1) Z7 X 

+2 C/ 4 - 4(« + 2)(k + 1) 2 ){k + l)- 1 ^ + 2)- 1 f) A 12 

+2(k + 1)(C/! - 2 (k + 2)(« + 1)) (022 A £ 2 + 023 A f) - Ux 23 A £ 2 

d0i 3 = Vi A + V2 A e 1 + ^7 A e 2 + ((« + l) 2 (/t + 2) 2 23 - U 3 0! - (k + 1)(k + 2) 12 
-i (k + 1)(k + 2)((« + 4)(k + 1) C/i - 4 (C/ 2 + (k + 2)(k + 1))) 2 
-((/t 2 - 1) C/i + U 2 - C/ 4 - 2(k + 2)(2« + 1)(« + l) 2 ) 3 + ((k + 1) (« C/i 
-(k + 2) (t/g - (2/t 2 + 3k + 2)(k + 1)) - C/ 4 )(k + l)" 2 (/t + 2)~ 2 13 ) A O 
+ (0 23 - (k + 1)(k + 2) 22 + (E/a + U A ) e 3 + | (C/i - 2(k + 2)(k + l) 2 ) 2 
+U 3 f) A 0i + ((3k + 4) 0i3 - (k + 1)(k + 2) 0i2 - t/ 5 £ 2 - \ (« + 1)((3k + 4) fA 
-4 (k + 1)(k + 2)) 3 ) A 2 + (0i2 + (k + 1)(k + 2) 23 + ((k + 1)(2 C/ 2 
+(k + 2)((k 2 - k -A)U 1 -U 2 - 2k(k + 1)(k + 2))) - 2(k + 2)C/ 4 )(k + 2)" 1 £ 2 
+((k + 1)(k + 2)(5k + 2)((k + 1)(k + 3) U 1 -U 2 - 2(k + 2)(k + l) 2 ) 
-4(k + l)C/ 5 )(« + 2)~ x e 3 ) A 3 + | C/i e 2 A 0i2 - (022 - ((« + 1)((« + 7) Z7i 
-10(k + 2)(k + 1)) - U 2 ) e 1 + ((k + 1)(kC/i - (k + 2)(C/ 3 - (2/t 2 + 3k + 2)(k + 1)) 
-C/ 4 )(k + l)" 2 (/t + 2)~ 2 £ 2 - ((3k + 5)(k + l)C/i - 2(k + 2)(2k + 3)(k + l) 2 
+C/ 4 )(k + l)" 1 ^ + 2)- 1 f) A 0i3 + (k + l)(?7i - 2(k + 1)(k + 2)) 23 A £ 2 

rf0 22 = ^ a + % A (0 O + e 2 ) + % A e 3 - (C/ 4 - («+ 1)(kC/i + (k + 2) C/ 3 
+(« + 1)(k + 2)(/t 2 + 6k + 4)))(k + 1)- 2 (k + 2)- 2 22 A (0 O + £ 2 ) 
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+(((« + l) 2 (f/i + 2k + 4)) - C/ 2 ) f 1 - ((« + 1)(kC/i + (k + 1)(k + 2)(3k + 2)) 
-f/ 4 )(/t + l) _1 (/t + 2)- 1 e 3 ) A0 22 

^23 = ^4 A f + T] 6 A (0 O + ^) + ^ A ^ + | (tfl #22 + (« U 4 - (K + l)(/£ 2 ^ 

-2(k + 2) C/" 3 + «(k + 2)(3k + 2)(« + l) 2 )(/t + 1) _1 (k + 2)~ 2 2 - 2 (k(k + 1)U 2 
+((k + 2) C/ 3 + C/ 4 + (« + 2)(/t 2 - 3k - 2)(« + l) 2 ) C/i + k(k + 1)(k + 2)([/ 4 
+(k + 2) C/ 3 ))(k + 2)" 2 e 3 - 2 (C/ 4 - (k + 1)(k U 1 + (k + 2) C/ 3 
+(k + 1)(k + 2)(3k + 2)))(k + 1)- 2 (k + 2)- 2 23 ) A O + | (6 (k + 2) 23 
-8(k + 1)(k + 2) 22 - 2 (kC/ 4 - (/t + l)(/t 2 f/i -2(k + 2)C/ 3 
+k(k + 1)(k + 2)(3k + 2))((k + l)" 1 ^ + 2)' 1 £ 2 + (kU 2 - (k + 2) (2(k + l)(/t 2 
+4k + 2) Z7i + 2(k + 4) U 2 + 4 C/ 4 ))(k + 2)" 1 £ 3 ) A 2 + (k(k + l)C/i + (k + 2)C/ 3 
-C/ 4 - (k + 2)(3k + 2)(k + l) 2 )(/t + 2)" 1 3 A £ 3 + (0 23 - \ Ui f - 2(k + l)(C/i 
-2(k + 1)(k + 2)) e 3 ) A 022 + (((« + 3)(k + 1)C/! - C/ 2 - 2(k + 2)(k + l) 2 ) f 1 
+(C/ 4 - (k + 1)(k C/i + (k + 2) t/g + (k + 2)(3k + 2)(k + 1))(k + 1)" 2 (k + 2)~ 2 £ 2 
+ | (3(k + 1)(k + 2)C/! + 2C/ 4 - 2(k + l) 2 (/t + 2) 2 )(/t + l)" 1 ^ + 2)~ x £ 3 ) A 23 
= (022 + (2 k + 3) 2 - ((« + 1)((k + 3) C/i - 2 (k + 2)) + C/ 4 ) ((k + 1)(k + 2))~ 1 £ 3 
+((k + 1) (« C/i - (k + 2) (C/ 3 - k\k + 1))) - C/ 4 ) ((« + 1)(k + 2))~ 2 (0 O + £ 2 )) A £\ 

d£ 2 = (^i - (k + 1)(k + 2) 3 - (k + l) 2 (/t + 2) 2 O ) A f 1 + (02 + 022 + (U 4 - k(k + 1) C/i 
-(« + l) 2 (/t + 2)(3k + 2))(k + \)-\k + 2)- 1 £ 3 - (C/ 4 + (k + 1)(k + 2) C/ 3 
-k(k+ 1) C/i(k + l) 2 (/t + 2)(/t 2 + 6k + 4))(k+ 1)- 2 (k + 2)- 2 o 
+(C/ 2 - (k + 1)(k + 2) C/0 e 1 ) A e 2 + (0 3 - (« + 1)(« + 2) 3 ) A e 3 

d^ = ((k + 2) ((k + 1)(k O - 2 2 ) + 3 ) + (k(k + 4) C/i - C/ 2 - 2 (« + 1) 2 {k + 2)) £ 3 
-C/i C 2 ) A f 1 + (#22 + (« + 2) 2 - (U 4 + (k+ 1)(k + 2) C/ 3 - k(k + 1) U x 
+ (k + 1) 2 ( K + 2)(3k + 2))(k + l)- 2 (/t + 2)- 2 ) (0 O + f)) A £ 3 (4) 

The Maurer-Cartan forms O , ... , 023, £ 2 , £ 3 are 

00 = u xx u~ 2 {du — u t dt — u x dx — w y dy) 

01 = w^ 2 ^ 3 (dti t - u tt dt - u tx dx - u ty dy) - (k + 2) (^ u~ K ~ 2 - 1) 3 

+((k + 1)(k + 2) K^ 2 - (2k + 3)- 1 ) - ^% 2k ~ 3 )) 2 

+ Km; 2k - 3 + (k + l) 2 (/t + 2) K«; K ~ 2 - (2k + 5)(2k + 3)- 1 ) O 
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9 2 — w^ 1 (du x — u tx dt — u xx dx — u xy dy) 

9 3 = u~ K ~ 2 (du y — u tx dt — u xy dx — E dy) — (u y u~ K ~ 3 — k — 1) 9 2 

-(u y u~ K ~ 3 + (k + I) 2 ) 9 

8 U = u~ x u~ 4ft ~ 4 (duu - u m dt - u ttx dx - u tty dy) -2(k + 2)(u y u~ K ~ 2 - 1) 9 13 
-(2u t u- 2K ~ 3 - (k + 2)((k + 2) u 2 yU - 2K - 4 - (2k + 3) u y u~ K - 2 
+( 2/t 2 + g K + 8)(2k + 3)- 1 )) 12 + Ano 6 + A 1U 9 X + A U2 9 2 + A 113 6 3 
-(u 2 t u- iK - 6 + (« + 1) 2 (* + 2) 2 K«r" 2 - (2« + 3)- 1 ) 2 
+2 (« + 1)(k + 2)(2k + 3)- 1 m; 2k - 3 ) 22 - 2 (k + 2) (OvC -2 - lH^ 2 " -3 
-(« + 1)(« + 2){u 2 y u- 2K - 4 + 2(k + 2) {2k + 3)- 3 u- K - 2 -2k- 3)) fl 23 

^12 = u~Iu~ 2k ~ 2 {du tx - u ttx dt - u txx dx - u txy dy) - (u y u~ K ~ 2 - 1) 9 23 

+{{k + 1)0 + 2){u y u- K - 2 - (2k + 3)- 1 ) - u t u~ 2K ~ 3 ) (9 22 + 9 3 ) - 9 1 
-(u txx u- 2 x u- 2K - x + 2 u tx u^u- 2K - 2 - \{k + 2) (u^u- 1 ((k + 2)uyU~ 2K ~ 3 + kuZ^ 1 ) 

-(K + 2) (u 2 yU - 2K - 4 - (« + 1) M^"" 2 ) + K (K + 1))) 

013 = Kx u x 3K ~ 3 ( du ty - utty dt - u txy dx - B t (E) dy) - (2k + 3)(u y u~ K ~ 2 - 1) 9 l2 

-( U yu^ 2 + (k+ l) 2 ) 9 X - ((uyu 3 ^ - (k + 1) u- 2K ~ 3 ) u t -(K + 1) (u 2 y u 2 ^ 
-(k + 2) (2k + 3) _1 ((2« 2 + 5k + 4)u y u- K - 2 - k - 1)) fl 22 + A 130 9 + A 132 9 2 
+A 133 9 3 - (u t u- 2K - 3 -(k + 2) (u\uZ 2k - 4 - (2k + 3) u y u- K - 2 
+2(k+1)(k + 2)(2k + 3)- 1 ))9 23 

9 22 = u~l (du xx - u txx dt - u xxx dx - u xxy dy) - 29 2 - u x u xxx u~ 2 9 

923 = u~ K ' l u~l (du xy - u txy dt - u xxy dx - B X (E) dy) - (u y u~^ 2 K - 1) 9 22 - 9 3 

+\ (Ku xy u-lu- K - x - (k + 4) u y u- K - 2 -k(k + 1)) 9 2 

/ —2 —k — 1 —k—1 I — k— 2 i / i i \2\ /j 

^ ci xxy ^ xx x xx x I ^y^x I \ I -L J ^ {70 

f 1 = ^u 2K+1 rft 

£ 2 = u xx u~ l dx + (u t ^ K ~ 3 + (k + 2) (m^ 2k " 4 - u yU - 2 + 2(k + 1) 2 (2k + 3)" 1 )) ^ 

+K M r 2 -^-i)^ 3 

e 3 = dy+(K + 2) (u y u~^ 2 - 1) (5) 

where is the right-hand side of Eq. (TTJ), B t , B) x are restrictions of the total derivatives 
on Eq. ([T]), and A 110 , Am, A 112 , A 113 , A 130 , A 132 , A 133 are functions of derivatives of 
u of the first and the second orders. These functions are too long to write them in 
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full. The forms rji, ... , r/ 7 can be expressed from Eqs. (j3J. The coefficients of the 
structure equations depend on the invariants 

u x = (« + 2) (u yU - K - 2 - : + k + 1) 

t/ 2 = twC^ 2 " -1 - (« + 2) 2 - l) -2%« i -X" 2k " 2 + 2^ M ; 2ft - 3 

-(2 MyM ; K - 2 - (k + 1)(k + 2)) ZTt + 2 (k + 1)(k + 2) vC -2 
-u xxx u~ 2 (u t u~ 2K ~ 2 - (k + 2)u y u x K ~ l (u y u x K ~ 2 - 1) 
-2 (« + 1) 2 (k + 2)(2k + 3)~V) + 2 (« + 1)(k + 2)(2k 2 + k - 2)(2k + 
^3 = u xxy u~ 2 u~ K - u xxx u~ 2 u x (u y u~ K ~ 2 + (k + l) 2 ) + 2 (k + 2) _1 f/i 

-(«+ 1)(k 2 + k + 2) 
U 4 = (k + 1) (k C/i - (k + 2) (t/g - (« + 1) (tW^V + k 2 + 5k + 2))) 
[/ 5 = 1 ((« + 2 )»,,;//,.'" :, ( - + u tx u- 2 u~ 2K - 2 ((k + 3) tf x - (k + 2) (vC~ 2 
+(k + 1)(« + 3))) + ((2k + 3) u y u~ K - 2 - 1) U 2 - (k + 2)((k + 3) %u; K ~ 2 
+2k + 1) C/ 2 - ((« + l)- 1 u t w« 2K-3 («(« + l) -1 ^"" -2 + 2 ^ 2 + 5k + 4) 
+(k + 1) (kuIu- 2k - a - (2k + 3) _1 ((2k 4 + 9k 3 + 7k 2 - 13k - 18) u y u7 x K ~ 2 
-2 (2k 4 + 45k 3 + 42k 2 + 53k + 25)))) U x + (m^ 2k " 3 ((k + \y l u y u- R ~ 2 - 1) 
-(k + 2)(m 2 m; 2k - 4 - (2k + 3)- 4 ((2k 2 + 5k + 4)u y uZ. K ~ 2 - k - 1))) U 3 
+ ((k + 2)- 2 u t u- 2K - 3 ((K + l)-\u- K - 2 + 1) + u 2 y u- 2K - A 
-2(2k 2 + 7k + 1)(2k + 3) u y u~ K ~ 2 + (2k 2 + 8k + 7) (2k + 3)" 1 ) C/ 4 
+u tU - 2K " 3 ((K + 6) u y iL x K ~ 2 + (k + 1)(4k 2 + 9k + 6)) 

+ (k + 1) 2 (k + 2) ((3k + 2) u y u~ 2K ~ 4 - (2k + 3)~ 4 (4(k 2 + 3k + 3)u y u~ K ~ 2 + 8k 3 
+36k 2 + 57k + 30))) 

The structure equations are not involutive. The involutive system of structure equations 
includes equations for the differentials of the forms r)x, ... ,777. These equations are too 
big to write them in full here. 

We find contact integrable extensions of the form 

(3 7 3 \ 

i=0 8=1 j=l J 

j=l \k=0 J 



Contact integrable extensions for r-mmdKP equation 7 

where * denotes suumation over all i,j G N such that 1 < i < j < 3 and (i, j) ^ (3, 3). 
We consider two types of such extensions. The first one consists of extensions whose 
coefficients in right-hard side of (j6]) depend on the invariants Ux, ... ,1/5. The coefficients 
of extensions of the second type depend also on one additional function W with the 
differential of the form 

3 7 3 1 

2=0 s=l j=l q=0 

We require Eqs. (HI) and ([6]) or Eqs. (HI), (EI), and (I7j) to be compatible. This con- 
dition gives two contact integrable extensions of the first type defined by the formulas 

duj! = ((k + 2) 2 («! - (« + 1) O ) - 0i - (« + 2) 9 3 ) A e 1 + ai A £ 2 

+((« + 2) («! - (k + 1) O ) - 3 ) A £ 3 + (an + 2 + 22 + ((« + 1)(k C/i 
-(« + 2) t/ 3 ) - £7 4 - (k + 1)(k + 2)(k 2 + 6k + 4))(« + 1)- 2 (k + 2)~ 2 O 
+((« + 1)((k + 1) t/ 2 + («+ 2) C/ 3 - ^(^ 2 + 3k + 3) C/i - k(k + 1)(k + 2)) 
+U 4 ) (k + I)" 2 + ((« + 1)(k 2 t/i + (k + 2) U 3 ) -kU* 

- k(k + 2)(3k + 2)(« + 1) 2 )(k + 1)~ 2 (k + 2)" 1 £ 3 ) A u x (8) 

and 

rfw 2 = ((« + 1) 2 (k + l) 2 0i - 0i + (k + 1)(« + 2) 3 ) A i l + a 2 A £ 2 

+((« + 1)(« + 1) 2 - 3 ) A £ 3 + (a 2 + 2 + 22 + ((« + 1) (k C/i - (« + 2) C/ 3 ) 
-C/ 4 - (k + 1)(k + 2)(k 2 + 6k + 4))(k + l)" 2 (fi: + 2)- 2 O 
+(C/ 2 - (« + 1)(« + 2) t/i) f 1 + (k(k + 1) U x - U 4 

- (k + 1) 2 (k + 2)(3k + 2))(k + l)" 1 ^ + 2)- 2 e 3 ) A w 2 (9) 
or one contact integrable extension of the second type 

du 3 = ((W + k + 2) 2 a 3 - (W + k + 2) (023 + (k + 1)(k + 2)0 O ) - 0i) A £ x + a 3 A £ 2 

+((W + k + 2) a 3 - (k + 1)(« + 2) O - 3 ) A e 3 + (a 3 + #2 + 22 + ((« + 1)(k Z7i 

-(« + 2) £7 3 ) - [7 4 - (k + 1)(k + 2)(k 2 + 6k + 4))(k + 1)- 2 (k + 2)~ 2 O 

-(((« + 1)(k Z7i - (« + 2) C/ 3 ) - C/ 4 - (« + 1)(« + 2)(k 2 + 6k + 4)) W 2 

+(k + 2)((k + 1) ((« - 1) C/i - 2 (« + 2) (C/ 3 + (k + 1)(k 2 + 5k + 3)) - 2 £/ 4 )) W 

+(k + 2) 2 ((k + 1)(k(k 2 + 3k + 3) Ux - (k + 1) C/ 2 - (« + 2) (17 - k 2 (k + 1))) 

-C/ 4 )(k + 1)~ 2 (k + 2)" 2 f 1 - ((k + 1)(k Z7 x - (k + 2) (C/ 3 + (k + 1)(k 2 + 6k + 4))) 

-f/ 4 )(K + l)- 2 (K + 2)- 2 £ 3 ) Aco 3 (10) 



Contact integrable extensions for r-mmdKP equation 8 
dW = -(k + 1) W (a 3 + 9 + 2 ) + Z£ 2 + (W + k + 2)(Z + (k + 1) W) f 

+ {W + « + 2)((W + k + 2) Z + (k + 1) W (W - (k + [/i + 3« + 4)) f 1 

+(Z -(«£/!-(« + 2) (t/ 3 + (« + 1) 2 (k + 6)) 

- (/€ + 1)- 1 [/ 4 )(k + 2)- 1 ^)w3 (11) 
with a parameter Z. 

The inverse third fundamental Lie theorem in Cartan's form, [T4l §26], [TBI p. 394], 
guarantees existence of forms Ui, co^, w 3 satisfying Eqs. flH]), and (TTU|) . Since the 
forms 8q, ... , #23 ; £\ £ 2 ; £ 3 are known explicitly, it is not hard to find the forms u^. We 
have the following solutions to Eqs. (E]), (JHJ), and ( jTUl) . respectively: 

U xx ( , / U t , , , nS ( K , AC + 1 



( d<? ~ (iT + ^ + 2 ^ ( M2/M * + J^T3 M ^ +2 ) ) gx dt ~ qx dx 



Lu'2 



u 

Uxx (^dr - - (k + 1)(« + 2) - 2k + 3 u ^ + ^j ) r * rft _ Tx dx 

r * d y 



-[^ L + < +l )q x dy\ (12) 



(13) 



and 



u, 



+ ( ^ + (k + 2) + (^ + 1 )(^ + 2 ) ^ +2 ) s ) (/f s (/ ; . 

+ (< +2 -(J + < +1 ) a.) dy] (14) 
with W = 



The forms (112]) . ffTBj) . f)T4j) are equal to zero if and only if the following overdeter- 
mined systems of pdes are satisfied: 



u x 

r , = g_(« + l )((( + 2) (%<-§^3«? +2 



(15) 



(16) 
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_ (ft + 2) 2 2k+3 / on A*y K+ l \ K +2 
**- 2K + g (« + 2) I +U X ) S a 



(17) 



*„ = -^ +2 + ( ^ + < +1 j -v 



These systems are compatible whenever u is a solution to Eq. (JTJ), so these systems 
define differential coverings over ([1]). 

Expressing it 4 and it,, from ( 1151) and cross-differentiating yields 

(k + 1) -jf q xx ~ K — q xy (18) 

9« &/ 9x 

Previously Eq. ( 1T8|) and the Backhand transformation f lT5|) were found in [10] by means 
of another method. 

From Eqs. ( ITS]) we have 

r * , , n/.. , o\ ( T V n .^\ , (« + 2)(2k+ 1) 2 «+2 



«,= (li + (« + l)(« + 2) (^< +1 + v , 2 ^ +3 l u 3 



(19) 

</.„ = ( 'f I (k • L)< +1 J u x 
The compatibility condition for this system is 

(lit),, - (u y ) t = -(ft + 1)(«; + 2) < +2 r" 2 (G - ft (ft + 2) < +1 (r„ r xa; - r xy )) = 

= (20) 

where 

G = r yy - r tx - ( (ft + 1) -| - — j + ft — r xy 

When ft = 0, system ( I19p is compatible whenever G = 0, that is, whenever r is a solution 
to Eq. flUD. When ft ^ 0, Eq. p)} entails < +1 = if with 

if = K (ft + 2) G {jfy T XX T X T X y) 

Substituting this into (fT9|) gives a system of pdes with the compatibility condition 
ft (2ft + 3) r 2 H t - ft (ft + 2) (2(k + 2) (2ft + 1) r x H + (2k + 3) r y ) H y 

+/t ((ft + l)(ft + 2) 2 (2ft + 1) r 2 H 2 + 2(ft + 2)(2ft + 1) r x r y H 

-(2ft + 3)(r t r x - (ft + 2) r 2 )) H x - (ft + 1) ((2ft 2 + 5ft + 1) r x G 

+ft(2ft + 3){r x r tx - r t r,,)) if - (2ft + 3) r y G = (21) 

Thus Eqs. ( TL6]) define a Backlund transformation from Eq. ([Q) to the third order 
equation ( 121]) for r. 

Finally, excluding u from ( 117]) shows that s is a solution to the same equation ([I]). 
So, ( TTTj) defines an auto-Backlund transformation for Eq. ([Q). This transformation was 
found in [TT] 
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